
Counting subgroups for a class
of finite nonabelian p-groups∗

Marius Tărnăuceanu
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Abstract

The main goal of this note is to give an explicit formula for the
number of subgroups of finite nonabelian p-groups having a cyclic
maximal subgroup.
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1 Preliminaries

One of the most important problems of the combinatorial finite group theory
is to count the subgroups of finite groups. This topic has enjoyed a constant
evolution starting with the last century. Recall that the problem was com-
pletely solved in the abelian case, by establishing an explicit expression of
the number of subgroups of a finite abelian group (see [1]). Unfortunately,
in the nonabelian case a such expression can be given only for few classes of
finite groups (for example, remind here the paper [6], where the total number
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of subgroups in a semidirect product of two finite cyclic groups of coprime
orders was found).

In the following let p be a prime, n ≥ 3 be an integer and consider the
class G of all finite nonabelian p-groups of order pn possessing a maximal
subgroup which is cyclic. A detailed description of G is given by Theorem
4.1, Chapter 4, [3]: a group is contained in the class G if and only if it is
isomorphic to

- M(pn) =< x, y | xpn−1
= yp = 1, y−1xy = xpn−2+1 >

when p is odd, or to one of the next groups

- M(2n) (n ≥ 4),

- the dihedral group

D2n =< x, y | x2n−1

= y2 = 1, yxy−1 = x2n−1−1 >,

- the generalized quaternion group

Q2n =< x, y | x2n−1

= y4 = 1, yxy−1 = x2n−1−1 >,

- the quasi-dihedral group

S2n =< x, y | x2n−1

= y2 = 1, y−1xy = x2n−2−1 > (n ≥ 4)

when p = 2.

If G is a group, then the set L(G) consisting of all subgroups of G forms
a complete lattice with respect to set inclusion, called the subgroup lattice of
G. In this paper we determine the cardinality of L(G) for the groups G in
G, by using the above presentations and their main properties (collected in
(4.2), Chapter 4, [3]).

Most of our notation is standard and will usually not be repeated here.
For basic definitions and results on groups we refer the reader to [2], [3] and
[4].
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2 Main results

First of all, we shall find the number of subgroups of M(pn). It is well-known
that its commutator subgroup D(M(pn)) has order p and is generated by xq,
where q = pn−2. We also have Ω1(M(pn)) =< xq, y >∼= ZZ p × ZZ p, therefore
M(pn) contains p + 1 minimal subgroups and the join of any two distinct
such subgroups includes D(M(pn)). One obtains:

(1) | L(M(pn)) |=| L(
M(pn)

D(M(pn))
) | +p + 1.

On the other hand,
M(pn)

D(M(pn))
is an abelian group of order pn−1. Denote

by x1, y1 the classes of x, y modulo D(M(pn)). Then xq
1 = yp

1 = 1 and
y−1

1 x1y1 = y−1xyD(M(pn)) = xq+1D(M(pn)) = xD(M(pn)) = x1 (that is x1

and y1 commute), which show that:

(2)
M(pn)

D(M(pn))
∼= ZZ p × ZZ pn−2 .

Being isomorphic, the groups
M(pn)

D(M(pn))
and ZZ p × ZZ pn−2 have isomorphic

lattices of subgroups. Thus, we need to determine the number of subgroups
of ZZ p× ZZ pn−2 . In order to do this we shall use the following auxiliary result,
established in [7].

Lemma 1. For every 0 ≤ α ≤ α1 + α2, the number of all subgroups of order
pα1+α2−α in the finite abelian p-group ZZ pα1 × ZZ pα2 (α1 ≤ α2) is:





pα+1 − 1

p− 1
, if 0 ≤ α ≤ α1

pα1+1 − 1

p− 1
, if α1 ≤ α ≤ α2

pα1+α2−α+1 − 1

p− 1
, if α2 ≤ α ≤ α1 + α2.

In particular, the total number of subgroups of ZZ pα1 × ZZ pα2 is:

1

(p−1)2

[
(α2−α1+1)pα1+2−(α2−α1−1)pα1+1−(α1+α2+3)p+(α1+α2 + 1)

]
.
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For α1 = 1 and α2 = n− 2, it results:

(3) |L( ZZ p× ZZ pn−2) |= 1

(p−1)2

[
(n−2)p3−(n−4)p2−(n+2)p+n)

]
=(n−2)p+n.

Now, the relations (1), (2) and (3) show that the next theorem holds.

Theorem 2. The number of subgroups of the group M(pn) is given by the
following equality:

| L(M(pn)) | = (n− 1)p + n + 1.

Next, we focus on the groups D2n , Q2n and S2n . An important property
of these groups is that their centers are of order 2 (they are generated by xq,
where q = 2n−2). Also, for any G ∈ {D2n , Q2n , S2n}, we have:

(4)
G

Z(G)
∼= D2n−1 .

For D2n this isomorphism will lead us to a recurrence relation verified by
| L(D2n) |, but first we need to compute the number of subgroups in D2n

which not contain Z(D2n). Clearly, the trivial subgroup of D2n as well as
all its minimal subgroups excepting Z(D2n) (that are of the form < xiy >,
i = 0, 2n−1 − 1) satisfy this property. Since for every i 6= j = 0, 2n−1 − 1
we have xiyxjy = xi−j, it follows again that the join of any two distinct
minimal subgroups in D2n includes Z(D2n). So, by a similar reasoning as for
M(pn), we obtain that the number of subgroups of D2n verifies the recurrence
relation

(5) | L(D2n) |=| L(D2n−1) | +2n−1 + 1,

for all n ≥ 3. Writing (5) for n = 3, 4, ... and summing up these equalities,
we find an explicit expression of | L(D2n) |.

Theorem 3. The number of subgroups of the group D2n is given by the
following equality:

| L(D2n) | = 2n + n− 1.
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Because Q2n verifies also the relation (4) and Z(Q2n) is the unique mini-
mal subgroup of Q2n , we easily infer the next consequence of Theorem 3.

Theorem 4. The number of subgroups of the group Q2n is given by the
following equality:

| L(Q2n) | = | L(D2n−1) | +1 = 2n−1 + n− 1.

The method developed above can be also used to count the subgroups of
the quasi-dihedral group S2n , n ≥ 4. For each i ∈ {0, 1, ..., 2n−1−1}, we have
(xiy)2 = xiq. Hence ord(xiy) = 2 when i is even, while ord(xiy) = 4 when i is
odd. This shows that the minimal subgroups of S2n are of the form < xq >
and < x2jy >, j = 0, 2n−2 − 1. Again, the join of any two distinct minimal
subgroups different from < xq > contains a nonzero power of x and therefore
it includes < xq >. Thus, we conclude that the subgroups of S2n which not
contain Z(S2n) are: {1}, < y >, < x2y >, ..., < x2n−1−2y >. In view of the

group isomorphism
S2n

Z(S2n)
∼= D2n−1 , it results

(6) | L(S2n) |=| L(D2n−1) | +2n−2 + 1,

for all n ≥ 4. From (6) and Theorem 3 we get immediately the next result.

Theorem 5. The number of subgroups of the group S2n, n ≥ 4, is given by
the following equality:

| L(S2n) | = 3 · 2n−2 + n− 1.

Finally, mention that for an arbitrary finite group it is very difficult to
compare the number of its subgroups and the number of its elements. This
thing can be easily made for the 2-groups in our class G, by using Theorems
3, 4 and 5. Obviously, it obtains:

- | L(M(2n)) | ≤ | M(2n) |, for all n ≥ 3,
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- | L(D2n) | > | D2n |, for all n ≥ 3,

- | L(Q2n) | < | Q2n |, for all n ≥ 3,

- | L(S2n) | < | S2n |, for all n ≥ 4.

Moreover, remark that we are able to calculate the following limits:

lim
n→∞

| L(D2n) |
| D2n | = 1, lim

n→∞
| L(Q2n) |
| Q2n | =

1

2
, lim

n→∞
| L(S2n) |
| S2n | =

3

4
.

For any fixed prime p, we also have:

lim
n→∞

| L(M(pn)) |
| M(pn) | = 0.
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